0.1. Generalized twisted rational Chen modules.

We will now construct a module on which L(T") acts. For this, we will consider the
case where I' contains a directed cycle. Let C' = ¢g - ¢1 - ¢, be a primitive closed
path (sC =tC, ¢; € E, C # p™ for m > 1 and p any path).

We define FP¢ is a vector space over F with basis paths in P(T") that end at
w = s C, but are not equal to a path ¢C' for any path q.

Then M¢ := F[x, 2] ®r FPc as a vector space.

We will define the action of L(T") on M¢ using pure tensors of Mo acted on by
V u E 1 E* on the right and have the action extend linearly and multiplicatively.
We denote a generic pure tensor (ignoring coefficients) in Ma by 2™ ® ajas - - - ag
where a1as---ag isin Po (a; € Eor ay ---ap = w ).

.
" R aras - ag a=sa
" ®as - -ag a=a
" ®a*ar - ay a€ EBE* sa=sa;

(" ®araz---ap)a ="
T ®ci ey, x=cCo, 01" A =W

2™t @w a=ct,a;=cforl<i<n, k=n

0 otherwise

\

This defines an action of L(T") on M¢ satisfying the relations. This is clear for
relations (V), (E) and (CK1). This is also true for relation (CK2) because given
a pure tensor in Mc, at most one e € s~!(v) will yield a nonzero result after its
action. For this e, acting by the factor e e* is the same as acting by v.

We also have a left action of F[z,27!] on M¢ via multiplication by Laurent
polynomials.

We have the categories Mg, 1] of left F[x, 2] modules and M rry of right
L(T") modules. Using M¢, we define two functors. Firstly, there is a functor

Fo  Mp[p 1] — ML)

where Fc(X) = X ®p[z,,-1] Mc for all objects X and Fco(f) = f ®idy, for
morphisms f. We also have, in the opposite direction,

Yo Mpry — My

where Yo (X) = Hom™P) (M¢, X) and for f : X — Y, we have the map Y (f),
where Hom™* ) (M¢, X) 32— foxe Hom* D) (Mg, Y).

Recall that F[z,z71] is a PID. Thus, every finitely generated module X over
Flz,z '] is equal to the sum of Flz] /(f(x)k) where f(z) is some irreducible non-

constant polynomial, or the zero polynomial. As both %o and F¢ respect direct
sums, we will focus on the case where X finitely generated.



We will call Fo(X) = Mc ; when X = Flz] /(f(x)) Note that:

Mo = (Fl:o™1 /(1(a)) ) @spoomr) FPe

Theorem 1. Yo o F¢ is naturally isomorphic to the identity functor.
We will need a lemma:

Lemma 2. Given ¢ € HomL(F)(MC,MC,f), @ is determined uniquely and com-
pletely by an element of Flx] /(f(gg))

Proof. We want to know the set

{Z hi(z) @ pi | Z hi(z) @ p;C"C*" = Z hi(z) ® p; for all n € N}

because this is the set of possible images for 1 ® v under an L(I") morphism (M¢ is
a cyclic L(T") module generated by 1 ® v). Given a particular element, let N be a
number such that C™ is longer than p; for all i. When we consider Y., h;(z)®@p;C",
the only terms that will have a nonzero result are those where p; is an initial segment
of CN. For such p; € Pc, this means that (h;(z) ® p;)CYN = (hi(z) ® v)q; where
¢ = cp, - -c,ONi. If p; has positive length, k; # 0, and thus ¢; is not a path
starting with a power of C. (Suppose cicgi1-+- enCN = CNey- k. As these
are elements of P(I"), we have ¢ -+ ¢pCpnak = Co- - Cp, Where ¢iipneq = ¢;. We
have ¢; = ¢j(modn + 1) and this contradicts the fact that C is primitive.) Thus
(hi(z) ® v)g; = 0 for all i with p; of positive length. As, Y, h;(z) ® p;CNC*N =
> hi(z) @ p;i, this means Y, hi(z) @ p; = h(z) @v. O

Proof of theorem. 4¢ o F¢ is naturally isomorphic to the identity functor:
Consider the following diagram:

X f Y

| |

Hom™ ™) (Mc, X @[, »—11 Mc) Seetd) Hom" ") (Mc, Y ®sy 1] Mc)

Note that x +— f(z) = ¢f) and z = @, = f®idy, © p,. Note that,
by the lemma, both maps are completely determined by a polynomial, and that
polynomial is the first factor in the image of 1 @ v. Lets call ¢, (1 ®v) = h(z) @v.
Then ¢(,)(1QV) = f()(1®V) = foh(z)®v and f®idas. 0@ (1Qv) = foh(z)®v.
Thus the diagram commutes when we restrict to the category of finitely generated
F[x, 2] modules.

The functor %Y preserves inclusion (if X is a L(I') submodule of Y, then
Hom™®) (M, X) is a submodule of Hom®T) (M¢,Y)). Thus, it Flz,27'] /(f(x))

is simple (which happens when f is irreducible), then so is M f.C- [l

Here is another proof that My ¢ is simple when f is simple.
With wlc := span{pq* € L(T) |p,q€ P(T), sp=w, IN € N s.t. (C*)Np =0}



Consider the diagram:

0 0
*
0 SRS {(cio NN S
*
0 —— s wr@ = wrr) U My 0
ev ev idnr
0 M, —T@®id g Moo 0
0 0 0

where ¢ is the map that takes the quotient of M¢ by the ideal (f(z) ® w) and
ev : a — (1®w)a, where the action is defined in the same way that wL(T) acts on
M.

We wish to show that the middle sequence is exact, thus giving us another de-
scription of Mc ¢.
Firstly, we will show that top horizontal sequence is exact.

1
f(cx)

is a power series inverse of f(x) with the variable x replaced formally by C*.

The map that is multiplication on the left by

is the inverse of =f(C*)_.

f(C*)
Thus, for each path p in wlc there exists a finite power N, beyond which (C*)N»
is the zero map by the definition of wlz. Thus the top row of our diagram has the
same object (wlg) with an isomorphism bewtween, so it is exact.

The bottom row is exact the definition of My ¢, as the image of f(x) ®id_ is
(f(z) ®w).

The left and center column have wlc € ker(ev). For all a in wL(T"), we
have (1 ®@ w)a = (1 ® w)CN(C*)Na for all N. As mutiplication is associative
and (1 @ w)CN(C*)N = (1 @ w), if a € ker(ev), then there exists an N where
(C*)Na = 0. This is by definition wlc.

The left and center column have wlc € ker(ev). Consider

S = span({C"q* |q € Po, ke Z*} u{q* |ge Po} u{(C*)*¢*|q € Po, ke ZT}).



We wish to show that wIc@®Y = wL(T). Clearly wlcnS = 0. For any path pg* not
in wlc, (C*)Vp # 0 for all N € N. This means that p = C* or p = C*cpey - ¢4
where k € N, i € {1,2,...,n —1}. When p = C¥cyc;---c; where k € N, i €
{1,2,...,n—1}, by CK2 we get pg* = p(X.c,,,,, e€*)q* = CFcocr -+ cipicf g% +a
where z € wl.. One continues in this manner and gets pg* = C”'“c;ﬁrl ok gt 4+ o,
where 2’ € wlo. Now we only need consider paths C*¢* where k € N. Notice by
repeated application of CK2,

* frd e * * e * et e — * * * K
CC* =cpcy - epchck_1---¢y = coc1 -+ Cn1(Scn Z ee*)ck_,---cich
se=scp,
e#cCn
_ * *® *® & % % *
=C0C1 "+ Cp—2Cn—1Cp_1Cp_g " Cj — Z CoCy ++CpeetCncr 1l
se=scp,
e#cCn
* * *® & %k * *
=C0C1 " Cp_3Cn_2Cp_oCr g+ Cj — Z COCY * "+ Cp_3Cn_2€€™Ch_oCh 3+ (]
se=scn_1,
e#cCn—1

— Z cocy - epeetcick e

S€e=8Cnp,
eFcCn

N
=w+ ). pmd

m=1

where p,,¢% is a monomial in wlc. Also wl¢ is closed under multiplication by
C* on the left and multiplication by e* € E* on the right. Thus

N
G =0T (w+ Y pral)(C*)I7!

m=1
=CI2(w+ ). pmalh + D Cpmgh,C*)(C*) ™2
m=1 m=1
Nl
=w+ )} hud:
m=1

where again, p/, ¢/* is a monomial in wlc. So if C¥(C*)Ig* where k€ Nisst k # 0
and g € Po, then

i N’ 5 .

Ck(c*)]q* — Ck Jq* + Zm:l Ck ]pmqrﬂ:zq* pmq;’; € wIC k = Wi
i N’ . .

(C*Y=Fg* + 3 pm @ (C*) g prgl, e wlc k< j

Therefore, wL(T') = wlc ®F. As ev(¥) = {2 @ q|k € Z, q € Pc}, a linearly
independent set in M. So wlc = ker(ev).

The last column is trivially exact.

We will now check that the diagram is commutative.
For the top left square: p — f(C*)p — f(C*)p, and p— p— f(C*)p.
For the top right square: p+— 0+ 0, and p+— p+— 0 (as pe wlc ).



5
For the bottom left square: p — (1 ® w)p — (f(x) ® w)p, and p — f(C*)p —

(1@w)f(C*)p = (f(z) @w)p.
For the bottom right square: p — (1Qw)p — (1Qw)p, and p — (1Qw)p — (1Qw)p.

0.2. Spaces of step functions and infinite product paths.



